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Probability of Solid-Propellant Motor Failure
Due to Environmental Temperatures

R.A. Heller,* M.P. Kamat,t and M.P. Singh?
Virginia Polytechnic Institute and State University, Blacksburg, Va.

Solid-propellant rocket motors are frequently stored in the field without environmental protection; hence they
are subjected to variable thermal stresses and material degradation due to aging and fatigue. Temperature
variations are modeled as narrow-band random processes; thermal stresses in the motor will exhibit similar
characteristics. Because material properties are statistically distributed, the probability that the thermal stress
exceeds the strength of the propellant is synonymous with the probability of failure. A simplified solid-
propellant rocket motor is analyzed as a long hollow elastic cylinder in a thin case (plane strain). The daily
probabilities of failure are determined from a stress-strength interference-type analysis as functions of time and
are summed up to produce the probability of failure at the end of the service life. The additional complexities of
viscoelasticity, aging, and loads other than thermal will be introduced in subsequent analyses.

Nomenclature
A,a =random amplitude
a =r,, radius of bore
a(t) =cos 2nf,¢
A, =constant of integration
b =r,, outer radius of propellant
B, =constant of integration
c =r;, outer radius of casing
< =specific heat, Btu/lb,, °F (J/kg°C)
D,d =random peak diurnal temperature
E(x?) =mean-square value
E; =modulus of elasticity, psi (N/m?)
LSty =frequency (cy/h); for annual and daily
' wave
Sx(x) =probability density function
Fy(x) =cumulative distribution function
i —J_
J =index for motor layers, j=1,...,4
k =index for stress component, k=r, 8
k; =thermal conductivity, Btu/in. h°F
(W/m °C)
Ly(x);L,,L, =reliability function; for one application,
for n applications
p =interfacial pressure

P = probability

Pf;Pf] ,an =probability of failure; for one
application, for n applications

rr; =radius

roRGr, =radom strength; characteristic value of
Weibull distribution, psi (N/m2)

R, (r.)) =frequency response function of
temperature

5,5;5,,8,,5,,S, =random stress; due to seasonal and
diurnal cycle

S,.84, 8. = stress components

t =time

T(1) =time-dependent part of solution
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U’ U'; Uin Mo

U, (j]d, U, =temperature °F (°C); input, output,
annual, daily, and stress free

W W, = power spectrum; input, output

X, =m27f,/a

»Y =random peak annual temperature

a; =thermal diffusivity, in.2/h (m2/s)

Q; =thermal coefficient of expansion,
in./in./°F (m/m/°C)

B,.g = Weibull shape parameter for strength

Av, Ay, =safety range

a =differential

€,,€g = strain components

&; = phase angle

By oy =annual mean temperature, mean
temperature change

Rpsbgs by =mean pressure, mean stress, mean strain

v; =Poisson’s ratio

T =3.14

0 =mass density, lb-s2/in.* (kg/m?)

0;0,,04 =standard deviation; for annual peak, for

diurnal peak

Introduction

N a series of papers!* published during the last two years,

the development of a probabilistic life prediction
methodology for solid rocket motors has been proposed. The
geometry of actual motors is quite complicated, and the
propellant consists of load-rate- and temperature-dependent
viscoelastic materials. For the sake of tractability, several
simplifying assumptions have been made. Hence motors have
been modeled as long hollow elastic cylinders (plane strain)
encased in a thin steel casing and an insulated container.?
They were subjected to environmental temperature variations,
which in turn produced thermal stresses and strains in the
propellant. 34 Large thermal stress gradients induced by rapid
temperature changes and extreme thermal conditions may
produce stresses and/or strains in excess of the strength
and/or strain capacity of the material. For real motors the
latter two properties are also temperature and rate dependent
but, again for simplicity, will be assumed independent here.

Because both thermal load and material properties are
statistically variable quantities, the probability of failure is
calculated on the basis of stress strength interference prin-
ciples.3* In this paper only the statistical variability of the
strength and strain capacity are considered, while the statistics
of other mechanical and thermal properties are neglected. The
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probability of failure increases with time and eventually
makes the motor unserviceable, hence leading to a storage life
definition. 34

In previous reports idealized representations of thermal
power spectra were used. The temperature was assumed to
consist of an annual mean and a deterministic (constant-
amplitude) seasonal cycle with all random variations at-
tributed to the diurnal temperature change. Furthermore, the
power spectrum around the diurnal frequency was considered
to consist of a narrow rectangle. Additionally, ail material
properties were assumed to be elastic and normally
(statistically) distributed.

The present paper still utilizes elastic material properties
but considers the more realistic Weibull distribution as the
statistical model, and thermal loads are calculated with the
use of actual, measured, power spectra.

Random processes can be treated either in the time domain
or in the frequency domain. In the first case the input
(temperature) and resulting output (stress, strain) are time
series, usually in the form of Fourier series. In order to obtain
probability distributions of the output, a large number of
input functions are used in a Monte Carlo simulation
technique. 56

The second approach, employed in this paper, utilizes a
particular frequency decomposition of the input time series,
the so-called power spectrum. As a result, power spectra are
obtained for the output quantities, which allow calculation of
statistical parameters directly. 124

Transient Heat Transfer in an
Insulated, Case-Bonded Cylinder

To determine the response of an insulated, case-bonded,
hollow propellant cylinder to a randomly varying temperature
input in the absence of wind and radiation, first the steady-
state transient heat transfer problem has to be solved.

The Fourier heat conduction equation applied to a long,
axisymmetric, layered cylinder, shown in Fig. 1, is solved for
the temperature U, (,¢) in the jth layer’:

2
U I LY G
a2 r or o dj
The temperature U;(r,f) is a function of both the radial
coordinate r and the time #, with «; the thermal diffusivity of
the jth layerin in.2/h orm?/s.

The j differential equations are subject to the following
boundary conditions: 1) the temperature at the center of the
cylinder must be finite; 2) the temperatures on both sides of
an interface must be identical; 3) the heat flux across an in-
terface must be continuous; and 4) the temperature of the
outer surface undergoes a sinusoidal variation with unit
amplitude and frequency f. For a four-layer cylinder, four
second-order differential equations and hence eight boundary
conditions are required.

B.C. 1: U, (0,t) =finite
B.C. 2,3,4: Uj(rj,t)=Uj+1(rj+1,f) (.1‘_'11213)
U, (r;, 1) AU, ,(ri 1) .
B.C. 5,6,7: kj—fa—rL- =k,-+,~4b~’—*ar (i=123)
B.C. 8: U, (r,,t) =el?vn

where the thermal diffusivities, «; are given as a;=k;/p;c;.
The solution of the differential equation, Eq. (1), is obtained
by separation of variables:

U (n1) =R (r.N) T(1) ®
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Fig. 1 Layered cylinder.

where R, (r,f), the space- and frequency-dependent part of
the solution, is the so-called frequency response function.
R;(r,f) may be written in terms of complex Kelvin func-
tions2® as

R;(r,f/)=A;(berx;+ibeix;) +B;(kerx;+ikeix;) (3)
with
x;=2xfla, 4)

Substitution of the eight boundary conditions into Eq. (3)
results in seven linear equations from which seven of the
coefficients of Eq. (3) may be evaluated while boundary
condition 1 requires that B, =0 because ker x; at x=0 is
unbounded.

The real and imaginary components of the frequency
response function R, (r,f) . and R, (r,f},, given by Eq. (2)
yield an absolute value IR;(r,f)| and a phase angle ¢,.
Consequently, Eq. (2) may also be expressed as

U, (r,0) = IR, (r,f) lexpli(e; +2nf1) ] (5)

Characterization of Random Environmental
Temperatures

In order to analyze environmental temperature as a random
variable, a long time series (10 years) of hourly temperature
measurements, typical for the southwestern United States,
was examined.® First the 10-year mean value, u, was ex-
tracted. The remaining time series, now with zero mean, was
next subjected to a fast Fourier transform (FFT) analysis in
order to obtain its power spectral representation. The
resultant spectrum, which is essentially a frequency
decomposition of the time series, consists of several peaks, as
seen on Fig. 2, with power plotted on a log scale. The total
area under the complete power spectrum is equal to the
variance of the series (with zero mean). 10

An examination of the spectrum, plotted on a natural scale
as shown in Fig. 3, indicates two predominant peaks centered
around the frequencies of the seasonal and diurnal cycles. The
heights of these two peaks are two orders of magnitude
greater than all other peaks. Furthermore, the areas under
them account for 88% of the total variance. Integration was
carried out numerically. Limits of integration were selected so
that integration would be discontinued if the added area was
less than 0.1% of the accumulated area.

On the basis of these facts, it is reasonable to assume that
temperature is a pseudorandom variable that consists of the
sum of two narrow-band excitations whose amplitudes and
frequencies have statistical variations, as indicated
schematically in Fig. 4. It is common experience that peak
diurnal temperatures vary and are not exactly 24 h apart on
consecutive days. Hence the diurnal peak, centered over the
1/24-h frequency represents a narrow-band, pseudocyclic
phenomenon. A similar argument can be advanced for the
seasonal peak.
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When stationary random process theory is utilized, the
mean square of the temperature is equal to the area under the
power spectrum:

B = | W, (nar ©)

where W (f)
deg?/cy/h.

On the other hand the output power spectral density of the
temperature in the interior of the motor may be calculated
with the aid of the frequency response function:

Wo(r’ﬂlej(r’ﬂizwinm . (7)

is the input power spectral density in

The variance of the temperature at an internal point is ob-
tained analogously to Eq. (6):

(U, 21 =| W, eoar=| IR, e 12w, inas ®

TIME

Fig.4 Schematic temperature model.

If the temperature is modeled as the superposition of two’
narrow-band stationary processes, and the small areas not
included within the narrow frequency ranges f, to f, and f; to
f, are apportioned to the two peaks so that their combined
areas add up to the total area under the original power
spectrum, the variances of the annual and diurnal waves may
be approximated as

/2
Ewh =" w,onar )
S
and

S
Ewy=|" W, nar (10)
3

The variances of the output are determined analogously to
Eq. (8), with appropriate limits of integration.

The average frequency of a narrow-band process may also
be calculated from the power spectrum.'0 For the annual
output wave, for instance,

fj:szfz IR(r) |2 W,, (NAf/E(U,2) an
S

Distribution of Amplitudes

According to random process theory, a narrow-band
process, whose magnitudes follow a Gaussian (normal)
distribution, when transmitted through linear differential
equations produces an output that is also narrow band and
has a Gaussian magnitude distribution.

Additionally, it can be proven? that the amplitudes of a
Gaussian narrow-band signal with zero mean follow the
Rayleigh distribution, whose probability density function is

given as!!
o= S -1(2)]

where a is a value of the amplitude A and o is the standard
deviation of the underlying Gaussian process, i.e., the square
root of the variance. The probability that an amplitude
greater than a is encountered can be obtained by integration
of Eq. (12):

piasor= & ol 42 oa-sol -1 (2)] 09

Other studies indicate® that when temperatures are considered
as the sum of daily and seasonal effects, each of these can be
approximated by normal distributions. Hence the assumption
of normality is reasonable.

To arrive at the distribution of the minimum temperatures
for each day of the year, the amplitude of the daily wave D,
which is Rayleigh distributed, is added to a cosine wave with
an effective frequency f, and the amplitude of the seasonal
cycles Y, which is also Rayleigh distributed, all superimposed
on an annual mean temperature u, (Fig. 4):

U=p,+Ya(t) +D (14)

where a () =cos2zf, 1.
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The density function of the minimum daily temperature is
obtained as a convolution integral:

fowr =7 1 (YR poyan )

Because the two amplitudes, Y and D, may theoretically
range from 0 to + oo while —1<a<1, the integration in-
dicated in Eq. (15) is carried out separately for the positive
and negative values of ¢(7) and has to be performed for each
day of the year. A detailed derivation of Eq. (15) is found in
Ref. 12.

Transient Thermal Stresses and Strains

The distribution of thermal stresses and strains in a case-
bonded hollow cylinder under plane strain conditions (long
cylinder) have been developed in Refs. 4 and 13 for arbitrary
temperatures. Those relations will be used here for the case of
a sinusoidal surface temperature input. The frequency
response functions for radial and circumferential stresses in
the propellant are written as

S/(r}f‘):w

bfp’< a2>+ a,kE, B
b2 —a? r? (1—v,) (b?—a?)

a’\ [t a,E, [
><(1—72)SuRz(r,f)rdr—mz—ﬁaRz(r,f)rdr (16)

Sy =— 27 (1 “2)+ L
r, = — _ _—
f b2 —a? r? (I-v,) (b2 —a?)

al\ [t a,kE, r
X (1—;) Sn Rz(r,j)rdr—k (—1-—72)7 Sa Rg(r,f)rdr
_dZEZRZ(r,/) (17
1w,
where

b
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The variances are obtained, as in Eq. (8) and subsequent
relations, by replacing [R;(r,f)1? with the appropriate
frequency response function for stress or strain. The variances
due to the annual wave, for instance, become

7
EISt, 01=| 715,000 W, (0dr k=40) @)

I

and

S
Eled, (0=l tn W08 k=r) @)
1

while those for the daily wave are calculated by integrating
from f; to f,.

By using the appropriate stress or strain frequency response
functions in Eq. (11), average frequencies will result.

Stresses and Strains Due to Uniform Temperature
Stresses and strains produced by a uniform temperature
through the web of the motor may be obtained from Egs. (16-
21) by substituting

pp=—(U;—p,) (23)
for R,(r.f). Here U, is the strain-free temperature, the

temperature at which the propellant was cast, and u, is the
annual mean tempeature.

, bu, a’

] () (24)

, b’u a?

H”’(r):—bz—:? (1+r—z) (25)

, (I+v,)bn a? B

#(r(r):_Ez—(b—j:a&Z)” [(l—zuz)w;]+(1+u2)a2uu
(26)

E,E, [2&2(1+V2) Su R, (r.Nyrdr—a;(I1+wv;) (bz—aZ)RZ(b,j)]

’

p =

(18)

(E;(I4+v,) [(1=20,)b2 +a’1 +E,(I—v})b[(b?—~a?)/(c—b)]}

with E;, &;, and v, the moduli of elasticity, thermal coef-
ficients of expansion, and Poisson’s ratios for propellant
(j=2) and casing (/=3); R,(r.f) is the temperature
frequency response function of Eq. (3).

Similarly the frequency response functions for radial and

circumferential strain components are given:

(I+»,)b°p’ a?
D= =2 -]

(I+v,)a,
AL K N S
+'(]—1/2) (b?—a?) [(

2

b
—2v,) ~%] S” R, (r,f)rdr

_%%E)%S;Rz(mrd” jivz &R, (nf) (19)

and
e (R | XL
_((j_f:_j_))ri; S R, (r./yrdr (20)

Table 1 Physical parameters

Stress-free temperature, U, =71°C
Mean temperature, p, = 23°C
Temperature standard deviation, 0=9.77°C
Diffusivity of air, &; = 1.915x 10 ~3m?2/s
Diffusivity of propellant, a, =2.412X 10 "' m?2/s
Diffusivity of casing, a; =8.770x 10 ¢ m?2 /s
Thermal conductivity of air, k; =2.45x 10" 2 W/m °C
Thermal conductivity of propellant, &, =4.09x 10~ 'W/m°C
Thermal conductivity of casing, k; =2.53 X 10! W/m °C
Radius of cavity, #=0.064 m
Outer radius of propellant, b=0.201 m
Outer radius of casing, ¢=0.203 m
Modulus of elasticity for propellant, £, =1.72x 10° N/m?
Modulus of elasticity for casing, £; =2.07x 10! N/m?
Poisson’s ratio for propellant, v, =0.49
Poisson’s ratio for casing, v; =0.25
Coefficient of thermal expansion for propellant,

o, =3.3%x10"°>m/m/°C
Coefficient of thermal expansion for casing,

@3 =3.6x10"5m/m/°C
Strength characteristic value for propellant, r, =3.36x 106 N/m?
Shape parameter for propellant, 8, = 10 ¢
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(1+V2)b2up [

P =T B, (07 =)

with
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2

(1-2»2)+%] + (1 +v,)any 27

(ELE; (b7 —a’) [a,(I+v,) —as(I+vs)lpy)

(28)

Hp

Statistical Distributions of Strength,
Strain Capacity, Stress, and Strain

As discussed in the Introduction, the tensile strength and
strain capacity of engineering materials are statistically
variable quantities. Examination of test results for
propellants at constant temperatures and strain rates indicates
that both the ultimate tensile strength and strain capacity are
well represented by the Weibull distribution. Because in this
presentation the materials are assumed to be elastic, tem-
perature and rate effects are not considered.

The probability that the ultimate strength of the material R,
is greater than a given value r, is written as

8
Lg (r) =P(R>r;) =expl—(r,/r;, ) 7] (29

where 8, is the shape parameter and rs, is the characteristic
value of the distribution. Identical expressions may be written
for strain capacity in terms of the shape parameter [3,( and
characteristic value re, -

It has been explained that Gaussian (normal) inputs when
applied to linear systems produce Gaussian outputs and that
the distribution of peaks is of the Rayleigh type. Con-
sequently, the difference between the strain-free temperature
and the sum of the annual mean temperature and two narrow-
band temperature processes, seasonal and diurnal, produce
stresses and strains with underlying Gaussian distributions
and Rayleigh peak distributions. As a result, Egs. (12) and
(13) are also applicable to the evaluation of the density
functions for stresses and strains.

The maximum daily stress (strain) at any point in the in-
terior of the propellant layer is expressed analogously to the
temperature [Eq. (14)] as

Si(nt) =pg, (r)+S, (rya(t)+S, (r) (30)

where pg (r) is the stress produced by the temperature
difference between the stress-free temperature and the annual
mean [Eqgs. (24-30)], Syk (r) and Sdk (r) are the Rayleigh-
distributed stress amplitudes due to the seasonal and diurnal
cycles, and a(¢) =cos 27f 1.

The probability density function of daily stress peaks
becomes equal to

1 * Sp— I“Lsk _Sdk
fsk (5,) = m S_mfsy (f )fsd (Sdk )dsdk @a3n
with fsy (s,) and fsdk (s;) the appropriate Rayleigh
k
distributions. The detailed intergration of Eq. (31) is found in
Ref. 12.

The Probability of Failure

The safety range, as defined in structural analysis, is the
difference between the strength (strain capacity) of the
material and the applied stress (strain)3:

Av,=R,—S (32)

and
Av, =R, —¢ (33)

B (Es(1+v2) [(1=2v,)0° +a’ 1+ E; (1 +25)b[ (b7 —a’) /(c—b) ]}

where Ay, and Av, are the safety ranges for stress and strain,
respectively, while R, and R, are the strength and strain
capacity of the material. Since R, and S, as well as R, and e,
are random variables, the safety ranges are random variables
likewise.

For viscoelastic propellants, failure criteria involve tem-
perature and strain-rate-dependent states of stress and strain,
leading to more complicated failure conditions. For an elastic
material considered in the present analysis, however, the
motor will fail if either the strength or the strain capacity is
exceeded by the maximum applied stress or the maximum
strain, respectively; that is if either

Av, <0 (34)
or
Av, <0 35)

In the case of a solid-propellant rocket motor, the tem-
perature difference between the strain-free temperature and
ambient conditions is always negative. As a result the greatest
tensile stress component is either the tangential stress at the
bore or the radial interfacial stress, while the largest tensile
strain is the tangential strain component at the bore. Con-
sequently, the probability of failure P, , under a single load
application, is synonymous with the probability that
Av50 (r;), Ag (r3), or Ay, (r;) are equal to or less than zero
> b r (7 3

which is expressed as the union of the events. Because the
probability that two types of failure will occur simultaneously
is highly unlikely, the union is approximated (conservatively)
by the sum of probabilities:

P, =P, +P,

= +P 36
’sq, w, 75 G36)

The reliability of the motor for one-load application is equal
to

L=1-P, (37)

while for » repeated loads, using the multiplication rule of
probabilities, the probability of surviving all of them is given
as an n-fold product:

7

L,=TTt-p, (m) (38)

i=1
where P, (n) is the probability of failure during the nth
application of the load.?> When the P, (n) terms are small,

the product of Eq. (38) may be replaced by the more con-
servative approximation

n=1= )P (n) (39)
i=1

The probability of failure for n load repetitions is therefore
expressed as

P, =Y P (n) (40)
i=1
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Real propellants are subject to cumulative damage as well
as aging due to repeated and sustained loads and tem-
peratures. However, again for the sake of tractability, neither
of these two cases will be included in the present analysis.

Since it is assumed that the annual temperature cycle and
hence the stress and strain cycles are repetitive, it is sufficient
to carry out the summation indicated in Eq. (39) for a single
pseudoyear. To determine the probability of failure of a
motor at the end of a service life of N years, the pseudoannual
probability

,
P(T,)= ﬁP,(n) @1
i=1

where 7,=f,/f, pseudodays per pseudoyear, is simply
multiplied by 8760 f, N. Therefore

P;=8760f,NP(T,) 42)

Thus the service life of a motor may be calculated for a chosen
probability of failure. The probability terms of Eq. (36) are
individually calculated as

Pfx(,]:P(Ayé‘eSO)ZP[(RS—Sﬁ)SO] (43)

The probability density function of the difference of two
random variables is a convolution integral, and the
probability that this difference is less than zero may be written
as?

Pfs(,l = SO Fr, (5515, (s9)dsy (44)

where FRS (s4) is the probability that the strength R_ is less
than the stress s, and is given by Eq. (29)

F, (s))=I=Lg (5,)=1-expl—(s,/r, ) s ] (45)

and fSG (s5) is obtained from Eq. (31). Using these relations
the probability of failure

Pfs, =S [1—exp[—(Sk/rC)5r]fSk (5,)dS, (0<a) (46)

ﬂge

or
Py = Sim {1—exp[— (Si/rc) Pr1fs, (s,)dS, (a<0) (47)

with the appropriate density functions. The other two terms
of Eq. (36) are calculated analogously, and the total
probability of failure for N years is computed from Eq. (42).

Application to Solid-Propellant Motor

The relationships discussed in the previous sections have
been utilized to evaluate the probability of failure and the
expected storage life of a solid-propellant motor for en-
vironmental conditions typical of the southwestern United
States. Mechanical, thermal, and geometric properties of the
motor are presented in Table 1.

The power spectrum of temperatures, derived from tem-
perature records obtained from the U.S. Department of
Comimerce, 4 was considered to consist of two distinct peaks
from which the effective frequencies of the seasonal and
diurnal cycles were calculated as [Eq. (11)] f,=1.16 x10"*
cy/h (360 days/year) and f,=4.16X 10*2}’ cy/h (24.04
h/day). When utilizing the Rayleigh distribution of tem-
perature amplitudes [Eq. (12)] and the standard deviations
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for the above two waves: ¢,=8.00 °C and 0,=4.47 °C
calculated from Egs. (9) and (10), the average amplitude of
the seasonal and diurnal cycles were found to bel® y=1.25
0,=10.00 °Cand D=1.25 0, =5.59 °C, respectively.

Next the frequency response function for the temperature at
the bore of an uninsulated cylinder was evaluated with the aid
of Eq. (3) and the boundary conditions B.C. 1-B.C. 8; it is
shown in Fig. 5. It is evident that for low frequencies the
temperature distribution through the web is uniform, con-
sidering that the casing is subjected to a unit amplitude
thermal cycle. For high frequencies the interior of the cylinder
remains unaffected, resulting in significant thermal gradients
in the web. Frequency response functions are also shown for
the tangential stress component at the bore and the radial
stress at the interface between propellant and casing. It is seen
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from the figure that low-frequency thermal cycles produce
high stresses at these two critical locations.

The probability of failure for each day of the year has been
determined both at the bore and at the interface, as presented
in Fig. 6. The probability of failure is greatest in the winter
when the difference between the stress-free temperature and
ambient conditions is largest.

Failure under repeated loading is calculated as the sum of
the daily probabilities based on Eq. (41) (Fig. 7). This
relationship assumes that the temperature on any day is in-
dependent of conditions on the preceding day. Such a sim-
plification has been necessary in order to manage an already
complicated problem. The assumption leads to a conservative
(higher) estimate for the probability of failure. At the end of
the first year a probability of failure, P,(7T,)=10"° is
reached. It is further assumed that loading is repeated an-
nually until an unacceptably high probability of failure of say
one in a hundred thousand is reached. Hence a service life of
10 years is stipulated.

Conclusions

A probabilistic service life prediction methodology has been
presented for solid-propellant rocket motors subjected to
environmental temperatures. In its present form the technique
considers an elastic material without aging, cumulative
damage, or viscoelastic properties and does not consider the
effects of solar radiation. These additional inputs are
currently being applied to a more refined model.
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